In this paper we have derived the equipartition law of energy using Tsallis formalism and the Kaniadakis power law statistics in order to obtain a modified gravitational constant. We have applied this result in the gravothermal collapse phenomenon. We have discussed the equivalence between Tsallis and the Kaniadakis statistics in the context of Verlinde entropic formalism. In the same way we have analyzed negative heat capacities in the light of gravothermal catastrophe. The relative deviations of the modified gravitational constants are derived.
I. INTRODUCTION II. NONEXTENSIVE STATISTICS AND HOLOGRAPHIC ENTROPY
The study of entropy has been an interesting task through recent years thanks to the fact that it can be understood as a measure of information loss concerning the microscopic degrees of freedom of a physical system, when describing it in terms of macroscopic variables. Appearing in different scenarios, we can conclude that entropy can be considered as a consequence of the gravitational framework [6, 7] . These issues motivated some of us to consider other alternatives to the standard BG theory in order to work with Verlinde's ideas together with other subjects [12] .
The objective of this section is to provide the reader with the main tools that will be used in the following sections. Although both formalisms are well known in the literature, these brief reviews can emphasize precisely that there is a connection between both ideas which was established recently [20] .
A. Tsallis' formalism
Tsallis [13] has proposed an important extension of the BG statistical theory and curiously, in a technical terminology, this model is also currently referred to as nonextensive statistical mechanics. TT formalism defines a nonadditive entropy given by
where p i is the probability of the system to be in a microstate, W is the total number of configurations and q, known in the current literature as Tsallis parameter or NE parameter, is a real parameter which quantifies the degree of nonextensivity. The definition of entropy in TT formalism possesses the usual properties of positivity, equiprobability, concavity and irreversibility and motivated the study of multifractals systems. It is important to stress that Tsallis formalism contains the BG statistics as a particular case in the limit q → 1 where the usual additivity of entropy is recovered. Plastino and Lima [21] have derived a NE equipartition law of energy. It has been shown that the kinetic foundations of Tsallis' NE statistics lead to a velocity distribution for free particles given by [22] 
where B q is a normalization constant. The expectation value of v 2 is given by [19] 
The equipartition theorem is then obtained by using
where we arrive at
The range of q is 0 ≤ q < 5/3. For q = 5/3 (critical value) the expression of the equipartition law of energy, Eq. (2.5), diverges. It is also easy to observe that for q = 1, the classical equipartition theorem for each microscopic degrees of freedom can be recovered.
B. Kaniadakis' statistics
Kaniadakis statistics [16] , also called κ-statistics, similarly to TT formalism generalizes the standard BG statistics initially by the introduction of κ-exponential and κ-logarithm defined by
with the following operation being satisfied
By Eqs. (2.6) and (2.7) we can observe that the κ-parameter deforms the usual definitions of the exponential and logarithm functions. The κ-entropy associated with this κ-framework is given by 9) which recovers the BG entropy in the limit κ → 0. It is important to mention here that the κ-entropy satisfied the properties of concavity, additivity and extensivity. Tsallis' entropy satisfies the property of concavity and extensivity but not additivity. This property is not fundamental, in principle. The κ-statistics has been successfully applied in many experimental fronts. As an example we can mention cosmic rays [23] , quark-gluon plasma [24] , kinetic models describing a gas of interacting atoms and photons [25] and financial models [26] . The kinetic foundations of κ-statistics lead to a velocity distribution for free particles given by [27] 
The expectation value of v 2 is given by
Using the integral relation [17] ∞
we have
The κ-equipartition theorem is then obtained by using
14)
The range of κ is 0 ≤ κ < 2/3. For κ = 2/3 (critical value) the expression of the equipartition law of energy, Eq. (2.15), diverges. For κ = 0, the classical equipartition theorem for each microscopic degrees of freedom can be recovered.
C. Verlinde's Formalism
The formalism proposed by E. Verlinde [10] obtains the gravitational acceleration by using the holographic principle and the well known equipartition law of energy. His ideas relied on the fact that gravitation can be considered universal and independent of the details of the spacetime microstructure. Besides, he brought new concepts concerning holography since the holographic principle must unify matter, gravity and quantum mechanics.
The model considers a spherical surface as being the holographic screen, with a particle of mass M positioned in its center. The holographic screen can be imagined as a storage device for information. The number of bits, which is the smallest unit of information in the holographic screen, is assumed to be proportional to the holographic screen area A
where A = 4πr 2 and l P = G c 3 is the Planck length and l 2 P is the Planck area. In Verlinde's framework one can suppose that the bits total energy on the screen is given by the equipartition law of energy
It is important to notice that the usual equipartition theorem in Eq. (2.17), can be derived from the usual BG thermostatistics. Let us consider that the energy of the particle inside the holographic screen is equally divided by all bits in such a manner that we can have the expression
With Eq. (2.16) and using the Unruh temperature equation [11] given by 19) we are able to obtain the (absolute) gravitational acceleration formula
From Eq. (2.20) we can see that the Newton constant G is just written in terms of the fundamental constants,
III. MODIFIED GRAVITATIONAL CONSTANT
As an application of NE equipartition theorem in Verlinde's formalism we can use the NE equipartition formula, i.e., Eq. (2.5). Hence, we can obtain a modified acceleration formula given by [12] 
where G q is an effective gravitational constant which is written as
From result (3.2) we can observe that the effective gravitational constant depends on the NE parameter q. For example, when q = 1 we have G q = G (BG scenario) and for q = 5/3 we have the curious and hypothetical result which is G q = 0. This result shows us that q = 5/3 is an upper bound limit when we are dealing with the holographic screen. Notice that this approach is different from the one demonstrated in [36] , where the authors considered in their model that the number of states is proportional to the volume and not to the area of the holographic screen. On the other hand, if we use the Kaniadakis equipartition theorem, Eq.(2.15), in the Verlinde formalism, the modified acceleration formula is given by
where G κ is an effective gravitational constant which is written as
which can be written alternatively as G = f (κ) G κ used in Eq. (4.10)-(4.13), as we have explained in Section IV. From result (3.4) we can observe that the effective gravitational constant depends on the κ parameter. For example, using the Gamma functions properties written in Eq. (5.8) we obtain for κ = 0 that G κ = G (BG scenario). For κ = 2/3 and taking into account that the only Gamma function that diverge for this value (Γ(
)) is in the denominator of Eq.(3.4), we have a result which is G κ = 0.
From the limits κ = 0, q = 1, which we recover the BG statistics, and κ = 2/3, q = 5/3, we can established a linear relation between κ and q written as
In particular, the limits κ = 0, q = 1 and κ = In order to explicit the difference between the gravitational constants obtained by Tsallis, Eq. (3.2), and Kaniadakis (Eq. (3.4) ) formalisms, we define a new function as
In Figure 3 we plot DG as a function of the deformation parameter κ.
IV. AN ALGEBRAIC ALTERNATIVE WAY OF OBTAINING THE RELATION-SHIP BETWEEN q AND k
We know that to establish values and/or intervals for q is important in different physical scenarios, as described in the last sections (and in the quoted references). Hence, we believe that it would be interesting to obtain q -relations. Having said that let us make an assumption and test its validity. In other words, let us explain that the relations obtained from now on will be obtained in the entropic (Verlinde) scenario explored and it is now a general result since TT and KS are very different formalisms. So, what we will see now can be realized as an algebraic conjecture and not an equivalence between both formalisms. These words have to be well understood. From (3.2) and (3.4) let us assume that
and for k −→ 0 we must have q −→ 1. Using Eq. (5.8) we have that
Since k is very small (k −→ 0), let us eliminate k 3-terms. So, from (4.2) we have that
and using k = 0 in (4.3) we have that q = 1. From (4.2) again, if we eliminate k 2 and k 3 -terms, we have that 
+
so k = 0 =⇒ q = 1. From (4.3), let us invert the order , i.e., let us make q = 1 in (4.3) we have that k 2 − 3 2 k = 0 =⇒ k 1 = 0 and k 2 = 3/2. And the root that matters is k = 0. From (4.2) we have that
and again, if we make q = 1 in (4.5) we have that 6) and the roots are
and the root k = 0 is the one. From these results we can see that the assumption in Eq. (4.1) is a new relation between k and q (concerning Verlinde's scenario) that confirms k = q − 1.
With these results we can write the expressions using KS we have to use that G −→ f N E G where in general terms we have that
In the near future we will use this compact form to relate the gravitational constants.
V. NEGATIVE HEAT CAPACITY IN SELF-GRAVITATING SYSTEM AND GRAVOTHERMAL COLLAPSE
The gravothermal instability described by Antonov [1] has an important role in gravitational thermodynamics [2] [3] [4] , namely, the thermodynamics of self-gravitating systems. A self-gravitating system is a system where its constituents interact with each other trough gravitational forces.
The discovery of Antonov analyzes a self-gravitating system confined inside a uniform quadratic box. In this scenario, no maximum entropy state can exist below a critical energy. After that, this result for energy below this critical value was obtained, where the system would collapse and overheat [28] . This is the "gravothermal catastrophe" or "Antonov's instability." It is related to the very specific property of self-gravitating systems to have negative specific heats [34] . In other words, when discussed in the context of micro-canonical ensemble a self-gravitating system exhibits a negative heat capacity [3] . The negativeness of the heat capacity has been extensively studied in many astrophysical phenomena. For example, we can mention globular cluster [30] and black hole thermodynamics [31] .
The gravothermal catastrophe plays a relevant role in the evolution of globular clusters. Concerning dense clusters of compact stars, the gravothermal catastrophe can originate the formation of supermassive black holes. And statistical mechanics is also relevant for collisionless self-gravitating systems [32] .
A. Negative heat capacity
A negative heat capacity C V can be explained through the virial theorem for inverse square forces concerning bounded systems. It connects the average kinetic energy (K) with the average potential energy (V)
and the total energy is given by
and using (5.1) one has that
For moving particles we have that K = 3 2 NK B T and consequently the specific heat is negative
where, for systems with negative C V that enters in contact with large thermal reservoir, will have fluctuations. These fluctuations add energy and make its transient temperature lower. It causes inward heat flow which will head it to even lower temperatures. Consequently, − C V systems cannot have thermal equilibrium [33] . The self-gravitating system, according to the virial theorem, has the total energy E = −K where K is the kinetic energy, K = 3 2 Nk B T . Therefore, the heat capacity of the system is
which is a negative quantity. This negative value indicates an unusual behavior in which the system grows hotter. Silva and Alcaniz [19] , by using the kinetic foundations of TT, found a relation for the heat capacity as
Nk B , (5.6) which reduces to the Maxwellian limit
Nk B for q = 1. The negative value of Eq.(5.6) shows that the particular q-dependence of C V leads to the classical gravothermal catastrophe (C V < 0) for the range 0 ≤ q < 5/3.
In the κ-formalism, κ is the equipartition formula in a 3-dimensional space given by Eq. (2.15) and the heat capacity (C V = dE dT ) in the κ-formalism is given by Figure 1 . As we can see, the heat capacity in the κ formalism is negative in the range 0 ≤ κ < 2/3. Thus, similarly to TT formalism, the heat capacity in the κ-formalism also leads to the classical gravothermal catastrophe (C V < 0) in the range 0 ≤ κ < 2/3. It is worth mentioning that we have used the relation κ = q − 1 which will be discussed in section III.
B. Gravothermal catastrophe
With this statistical mechanics motivation in mind, let us consider a self-gravitating fluid sphere at constant total energy E and volume V . In the case of an instability we have a gravothermal catastrophe and the total energy E of the fluid is 9) where the second term represents the gravitational contributions. In the light of the results obtained in Section V, we can write Eq. (5.9) as 10) and using Kaniadakis equipartition theorem we can make G −→ f (κ)G k in (5.10) we have the gravitational potential becomes
Substituting this potential into Eq. (5.10) we have that the total energy of the fluid in the Kaniadakis formalism is given by
where we can clearly that the κ-formalism function f (κ) affect both terms in this equations in a way that we cannot write something like f (κ) E κ . From (5.12) we can find an expression for the temperature as a function of the density distribution at a constant total energy. So, in Eq. (5.12), if E = constant, T = T 0 + T 1 and ρ = ρ 0 + ρ 1 , where the indice 0 means "unperturbed," we have the expression for T 1 as being [35] 13) where Φ 0 is the gravitational potential of the unperturbed density distribution (ρ 0 ). Consequently, we can directly see that the perturbative temperature is a consequence of KS analysis.
VI. RELATIVE DEVIATIONS OF THE MODIFIED GRAVITATIONAL CON-STANTS
In order to study the behavior of the modified gravitational constants, Eqs. (3.2) and (3.4), when we change the κ parameter, we define relative deviations functions as
where we have used Eqs. (3.2) and (3.5) in (6.1). In Figure 4 we plot the relative deviations, Eqs. (6.1) and (6.2), as functions of the deformation parameter κ. Then, from Figure 4 we can observe that for the same κ parameter the value of (6.2) is greater than (6.1) except for κ = 0 and κ = 2/3.
VII. CONCLUSIONS AND PERSPECTIVES
In this work we have derived the equipartition theorem for the Kaniadakis statistics. Our procedure is based on the generalized Maxwellian formulation for κ-statistics. In the first application, we have analyzed the self-gravitating system in the context of Kaniadakis' formalism, and likewise, in TT formalism we have also obtained the gravothermal catastrophe for all κ in the range 0 ≤ κ < . In the second one, we have discussed the Kaniadakis equipartition law of energy in the framework of Verlinde's entropic formalism. We have derived a gravitational constant as a function of κ parameter. Comparing with the gravitational constant obtained by TT formalism, we have verified that the difference between both gravitational constants is not significant ( figure 3 ). This result indicates that, in the context of the entropic framework, Tsallis' formalism is more suitable when compared with κ statistics because the algebraic expression of equipartition theorem, and consequently the modified gravitational constant obtained by Tsallis' formalism is more simple. Last, the relative deviations of the modified gravitational constants were studied.
As a perspective we can analyze the formalism developed here, i.e., the connection and the extension of the statistical frameworks, as well as the properties of the modified G, to treat high scales cosmological structures. It is an ongoing research and will be published elsewhere. 
